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Georg Hasebe

Satz von Hall

Satz 1.52 (Satz von Hall, Heiratssatz). Fiir einen bipartiten Graphen
G = (AwWB,E) gibt es genau dann ein Matching M der Kardinalitat
IM| = |A|, wenn gilt

IN(X)| > [X| fiir alle X C A. (1.1)

Note the notation N(X) is defined as: N(X) := U N®©).
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Satz 1.52 (Satz von Hall, Heiratssatz). Fiir einen bipartiten Graphen
G = (A WB,E) gibt es genau dann ein Matching M der Kardinalitat Pr O of

M| = |A|, wenn gilt IN(X)| > [X| fiir alle X C A. (1.1)

(=) Assume G = (A W B, E) has a matching M of size |[M| = |A].

In the subgraph H = (A W B, M), every subset X C A has exactly | X|
neighbors (i.e. | N(X)| = | X|) by definition of a matching.

Since M C E we have that [ N(X)| > | X| forall X C A.

Matching of size |A|. )<

G=AwB, L) H=AwvWB,M)
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Satz 1.52 (Satz von Hall, Heiratssatz). Fiir einen bipartiten Graphen
G = (A WB,E) gibt es genau dann ein Matching M der Kardinalitat

IM| = |A|, wenn gilt IN(X)| > [X| fiir alle X C A. (1.1)

(<) on the blackboard.

Georg Hasebe 44



P(A) is the powerset of A.

P(A)

{Al} {A19A2}

(A3}
T ALAY)

14,5, A3}

For all X € P(A) we assume that
IN(X)| > | X]|. You can verify this
yourself for the example.
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remove e = {A,, B3}

A
A2
extend by e to get M of size
(M| =[A].
A3
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Al Bl
A2 - B2
nl— Np G' = G[X, ¥ N(X,)]
For G’ condition (1.1) holds.
A3 - B3
A3 - B3
G = (AwB,E)

G" = G[A\X, ¥ B\N(X,)]
| Xol = [{A, Ax} [ = [{B, By} | = | V(X)) |
What about G'?
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Proof

We can find a perfect matchings M’ and M" in G’ and G” (since condition (1.1)
holds).

Then M = M'"U M" is a perfect matching in G.

G' = G[X, ¥ N(X,)] .

As B;

G" = G[A\X, ¥ B\N(X,)]
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