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You can use results from previous parts without solving those parts.

Exercise 2.1  Induction.
(a) Prove via mathematical induction that for all integers n > 5,

2" > n?.

(b) Let = be a real number. Prove via mathematical induction that for every positive integer n, we have

(1+2)" = i (?)xz

=0

()=

We use a standard convention 0! = 1, so (8) = (Z) = 1 for every positive integer n.

where

Hint: You can use the following fact without justification: for every 1 < i < n,
<n> ( ’ ) (n . 1)
)+ = . .
) 1—1 )

Asymptotic Notation

When we estimate the number of elementary operations executed by algorithms, it is often useful
to ignore constant factors and instead use the following kind of asymptotic notation, also called O-
Notation. We denote by R™ the set of all (strictly) positive real numbers and by N the set of all (strictly)
positive integers. Let IV be a set of possible inputs.

Definition 1 (O-Notation). For f : N — R,

O(f)={9g:N—=R"|3C >0V¥ne Ng(n) <C- f(n)}.
We write f < O(g) to denote f € O(g). Some textbooks use here the notation f = O(g). We believe
the notation f < O(g) helps to avoid some common pitfalls in the context of asymptotic notation.

Instead of working with this definition directly, it is often easier to use limits in the way provided by
the following theorem.



Theorem 1 (Theorem 1.1 from the script). Let N be an infinite subset of N and f : N — R and
g: N — Rt

o If le % =0, then f < O(g) and g £ O(f).
.ygn§%:CeRimmfg0@amggogy
o If li_)m % = o0, then f £ O(g) and g < O(f).

The following theorem can also be helpful when working with O-notation.
Theorem 2. Let f,g,h: N — R If f < O(h) and g < O(h), then

1. For every constantc > 0,c- f < O(h).

2. f+g9<O(h).

Notice that for all real numbers a,b > 1, log, n = log, b - log, n (where log, b is a positive constant).
Hence log, n < O(log, n). So you don’t have to write bases of logarithms in asymptotic notation, that
is, you can just write O(logn).

Exercise 2.2  O-notation quiz.

(a) For all the following functions the variable n ranges over N. Prove or disprove the following state-
ments. Justify your answer.

(1) 2n® +10n* < O(155n5)
(2) ' +2n? + 7 < O(100n?)
(3) e1.2n < O(en)

2n+3

(4)* n 1 < O(n?)

(b) Find f and g as in Theorem 1 such that f < O(g), but the limit lim,,_,, % does not exist. This

proves that the first point of Theorem 1 provides a sufficient, but not a necessary condition for

f < O(g).

no1
=1 4

Exercise 2.3  Asymptotic growth of > (1 point).

The goal of this exercise is to show that the sum )", % behaves, up to constant factors, as log(n) when
n is large. Formally, we will show > ;| + < O(logn) and logn < O(}_"" ; 1) as functions from N>
toRT.

For parts (a) to (c) we assume that n = 2" is a power of 2. We will generalise the result to arbitrary n
in part (d). For j € N, define

27
1
- 1
i=20-141

(a) Forany j € N, prove that S; < 1.

Hint: Find a common upper bound for all terms in the sum and count the number of terms.



(b) Forany j € N, prove that §; > %
(c) For any k € Ny = NU {0}, prove the following two inequalities

2k

Z%Sk—kl

=1

and
2k

1 k+1
27z

=1

Hint: You can use that Zfil % =1+ Z;?:l S;. Use this, together with parts (a) and (b), to prove the
required inequalities.

(d)* For arbitrary n € N, prove that

n

1
E i < logy(n) + 2
i=1

and

i} > logzn.
? 2

1=1

Hint: Use the result from part (c) for ki = [logsn] and ko = |logyn|. Here, for any x € R, [z]
is the smallest integer that is at least x and | x| is the largest integer that is at most x.. For example,
[1.5] = 2, |1.5] = 1 and [3] = |3] = 3. In particular, foranyz € R,z < [z] < =+ 1 and
x> |z] >z —1

Exercise 2.4  Asymptotic growth of In(n!).

Recall that the factorial of a positive integer n is defined asn! =1 x 2 X --- x (n — 1) x n. For the
following functions n ranges over Nx>o.

(a) Show that In(n!) < O(nlnn).
Hint: You can use the fact that n! < n™ forn > 1 without proof.

(b) Show that nlnn < O(In(n!)).

Hint: You can use the fact that (%)2 < n! forn > 1 without proof.

Exercise 2.5  Testing equations (2 points).

Your friend sends you a piece of code that computes his favorite function f : N — N. Forn € N,
we want to test if the equation f(a) + f(b) + f(c) = f(d) can be satisfied using positive integers
1 < a,b,c,d < n. Your friend completed Algorithms and Data Structures last year, and so you may
assume that his code computes f(k) in O(1) for any & € N. You may also assume simple arithmetic
operations on integers can be performed in O(1). Finally, you may initialize an array of size k in

time O(k).

(a) Design a simple O(n*) algorithm that outputs “YES” if there exist integers 1 < a, b, ¢,d < n such
that f(a) + f(b) + f(c) = f(d) and “NO” otherwise.



(b) Assume that f(k) < k3 for all k € N. Modify your previous algorithm so that it works in time
O(n?) under this assumption. Motivate briefly why it still works.

Hint: You could use a helper array of sizen® to get rid of one of the loops in your previous algorithm.
The helper array could save which values the function f can take.

(c)* Assume that f(k) < k? for all k¥ € N. Modify your previous algorithm so that it works in time
O(n?) under this assumption. Motivate briefly why it still works.

Hint: You could use a helper array again. Note that f(a) + f(b) + f(c) = f(d) implies that
fla) + f(b) = f(d) = f(c).



Exercise 2.3  Asymptotic growth of > 1 | + (1 point).

The goal of this exercise is to show that the sum ) " | % behaves, up to constant factors, as log(n) when
n is large. Formally, we will show > | 1 < O(logn) and logn < O(3_"; 1) as functions from N>,
toRT.

For parts (a) to (c) we assume that n = 2¥ is a power of 2. We will generalise the result to arbitrary n

in part (d). For 5 € N, define

(a) Forany j € N, prove that 5; < 1.

Hint: Find a common upper bound for all terms in the sum and count the number of terms.
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(b) Forany j € N, prove that 5; > 3.
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(c) Forany k € Ny = N U {0}, prove the following two inequalities
2k
1
Y - <k+1
i

i=1

and
S
P i
N 2k 1 k , . .
Hint: You can use that) ;_, 7 = 1+ Zj:l S;. Use this, together with parts (a) and (b), to prove the

required inequalities.
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(d)* For arbitrary n € N, prove that

Nov

n

Z % < logy(n) +2

i=1

n
1
Z;Z

i=1

and

logyn

Hint: Use the result from part (c) for k1 = [logyn]| and ko = |logyn|. Here, for any x € R, [x]
is the smallest integer that is at least x and |x | is the largest integer that is at most x. For example

[1.5] = 2, [1.5] = 1 and [3] = [3] = 3. In particular, foranyx € R, x < [z] < x + 1 and
x>z >z -1
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Exercise 2.5  Testing equations (2 points).

Your friend sends you a piece of code that computes his favorite function f : N — N. Forn € N,
we want to test if the equation f(a) + f(b) + f(¢) = f(d) can be satisfied using positive integers
1 < a,b,c,d < n. Your friend completed Algorithms and Data Structures last year, and so you may
assume that his code computes f(k) in O(1) for any £ € N. You may also assume simple arithmetic
operations on integers can be performed in O(1). Finally, you may initialize an array of size k in

time O (k). 2lso /OV coxe es<per £ .
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(a) Design a simple O(n?) algorithm that outputs “YES” if there exist integers 1 < a,b, ¢,d < n such

—_—

that f(a) + f(b) + f(c) = f(d) and “NO” otherwise.
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(b) Assume that f(k) < k3 for all k& € N. Modify your previous algorithm so that it works in time
O(n?) under this assumption. Motivate briefly why it still works.

Hint: You could use a helper array of size n® to get rid of one of the loops in your previous algorithm.
The helper array could save which values the function f can take.
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(c)* Assume that f(k) < k? for all K € N. Modify your previous algorithm so that it works in time
O(n?) under this assumption. Motivate briefly why it still works.

Hint: You could use a helper array again. Note that f(a) + f(b) + f(c¢) = f(d) implies that
fla) + f(b) = f(d) = f(o).

VAN QOOL\W\S O\‘T Ylve hen b { d S
t "y Smilar to (L)
The (oo > Wow,  to rule ook rwre
possidle lefkw ‘ S0 o Qkﬂomﬂxm
5(;1( S euen /a_ﬂr@l” :

d|
How  coun e AO Thet

The i Sv(sge/ssr /(M +/(b> = /[d) ,_/[(C> \
(IOAVRV YN QQO[AU/\S 9\1L tlne. W\OA\/(@J) @G{V@Aﬂoh/

one nOY (e S fle /o[l@ww\ﬁz

C@Uu\@J’rV\S /[4) +/(b> P, /(d\) "’/fﬁ))
EAMM (I oY) | Can be  Jdone  n
D) el Mow  remeaboay  how o

Ua@$ {’L( L\e[’/e(/ arre vy 1%\ [b) Ce

)

delue The /0[(0»“!/\3 &o’ujrfot/\ :



- [(o... 0]
Let H= (21 .. 2~") be an array

0/ S Fe szz ' Ub (V\ﬁ -|~LJQ ne \\"—CA

Lol Loop ) Ve C g Cﬁ\LCL/LQ\\t H,\e
/ 2

/

Al + ADb) no Ol') . fer all

(ab) wineve 1 Sa,.bgn and et
/af a=1--"
H(/(@ +/(b>) -4 o o
Hf/(ﬂq‘/(b)jﬁ/\-

UMMB éLu\oH\e_.r tLo V‘eﬂ'( J /or 100)0)/

e colculake /(53 */(C> For Al

Cd,c) o hewv e /lgdlg <ih @\V\& l/

(

H /M) — /(c)NB L ecru&\ to A e

e o in ) Ve s ". l/ Thel\e tuo ﬂmyj
end Q\V\(S s lhowen 'E (/ClrwlfV\eA : refuv iy
No o

Lolrekness - gll«ge /[43 f/[b) 4—/[@ ://(zU
IU"\\P((€> \/{/\9’% /[@>+/[b> = /[J) ~/CQ>

@\mfs L 50 ov ey ﬂ\(( }pOJqu(C



foples  Jfor ot s(ded of the

cquakon 1/ (2 b, d)  €xuf
Fhol  p LAl Fla) + flo) + A0 = A(d)
bl @Lgof(wlw wvred(ﬂ retorny ey
Othes oive | corfectly rebumy  No

Sin e /(55—f(c> < 7nt éuw[
/(9—5 1—/%) &/QV\Y

QUk Q/ LOURG S  egrold  (an't  occur

Rinhine -

— eriray mikialretion = Olnh)

— /“/53” Second  Jouble ZOﬂdo: Qln")
ecase ¢[esmend oy gl rafion sy dUUn

a D M\Am on  or  oubtraction A

cell 2 /[&\ Lor aome LV
o)

(3 (N

Thuy  the  4otal  runkiwme |y O~



Exercise 2.1  Induction.
(a) Prove via mathematical induction that for all integers n > 5,

" > p?.

« Base Case.
Let n = 5. Then:

25 =32>25=52.

 Induction Hypothesis.
Assume that the property holds for some positive integer k > 5, that is,

2k > k2.
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(b) Let x be areal number. Prove via mathematical induction that for every positive integer n, we have

n
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We use a standard convention 0! = 1, s0 () = (1) = 1 for every positive integer n.

Hint: You can use the following fact without justification: for every 1 < < n,

() +(2)=(7)
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Exercise 2.2  O-notation quiz.

(a) For all the following functions the variable n ranges over N. Prove or disprove the following state-
ments. Justify your answer.

refor Yo 0//(6(&\ yol vtions

(b) Find f and g as in Theorem 1 such that f < O(g), but the limit lim,, 57(% does not exist. This
proves that the first point of Theorem 1 provides a sufficient, but not a necessary condition for

f < 0(g).
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We define the following two functions f,g : N — R*. Let f(n) = 2 + (—1)" and g(n) = 1. We

have fgg = 2+(I1)n = 2 + (—1)", which has no limit when n — oo. However, for any n € N,

f(n) < 3g(n) and thus f < O(g).
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